METHOD OF ANALYSIS OF STOCHASTIC NONSTATIONARY
HEAT CONDUCTION EQUATIONS

A. G. Madera. UDC 536.2(075)

A method is proposed for determination of nonstationary fields of mathematical expectation, second
moments, and dispersion of a stochastic nonstationary temperature field for inhomogeneous bodies of
an arbitrary form and dimension with arbitrary stochastic boundary conditions.

The stochastic distribution of a nonstationary temperature in a body takes place when its controlling factors,
namely, internal heat sources, surface heat sources, ambient temperature or initial temperature in the body, coefficients of
heat transfer from the body surface to a medium, are stochastic. The stochastic character of these factors, nonstationary in
the general case, is conditioned by random fluctuations of external effects and the surrounding medium. The analysis of
random fluctuations of the power consumed by different technical systems from external sources of power supply, the
medium temperature, the heat fluxes incident on an object surface from outside, e.g., solar radiation, and so on shows that
they are manifested, as a rule, in the form of random deviations about some mean value and their nearest, with respect to
time, amplitudes are, in fact, not correlated between each other. This allows one to model them as stochastic white noises
or as Wiener stochastic processes with independent increments. The stochastic nonstationary temperature fields are
described by partial differential equations and boundary conditions in which all the functions and coefficients are random
functions of time and coordinates.

In engineering applications such statistical measures as the fields of mathematical expectations and second moments
of stochastic temperature distributions describe sufficiently completely the stochastic processes of heat transfer in different
objects. The fields of those statistical measures allow determination of the intervals within which real temperatures change.

The current method of the stochastic Green function [1, 2] makes it possible to model stochastic temperature fields
in the cases where the Green function may be found analytically, which restricts its application.

In the present work, the numerical method is proposed for determination of the nonstationary fields of statistical
measures, i.e., the mathematical expectation and second moments of the stochastic nonstationary temperature field in
bodies of complex geometry and any dimension described by the stochastic nonstationary partial differential heat conduc-
tion equation. The method rests on the theory of stochastic differential Ito equations as applied to the system of stochastic
ordinary differential equations obtained after approximation of the initial stochastic mathematical model by its discrete
analog.

Stochastic Mathematical Model and Its Discrete Analog. The stochastic nonstationary temperature field u(x, t,
«) in the three-dimensional inhomogeneous body D € R?, x = (X;, X5, X;) with the boundary S is described by the
following equation:

PC%—A(J\C, t, O)u=f(x, ¢, ), (x, t, @)ED % 10, T} X Q.. W

with the boundary condition
B(x, t, o) u=q(x, t, ©), (x {, ©)€S X [0, T X Q, @)

and the initial one

. : 3
u(x, 0, ©) =uy(x, 0), (¥, ©€D X Q,
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where f(x, t, w), q(X, t, w) are random functions of time t and coordinates x modeling the stochastic internal and surface
heat sources; A(x, t, w) is the stochastic operator of the equation

3.9 du -
Au= N —{A(x, ¢ —b(x, t, 0)u; 4
“,.gaxi("‘)i (x, 1, ®) @)

B(x, t, w) is the stochastic operator of boundary conditions of one of the three kinds:

Bu=u, Bu=»A(x, t)—a—u-, Bu = A\ (x, t)—gi—l—a(x, t, oyu; 5)
on on

Ax, t), p, c are the thermal conductivity, density, and specific heat, respectively; b(x, t, w), a(x, t, w) are random
functions of t and Xx; (X, t, w) models the stochastic coefficient of heat transfer from the body surface to the medium;
u(X, w) is the random field of the initial temperature. For the sake of clarity, the ambient temperature in the third-kind
boundary conditions is assumed equal to zero. Account of a nonzero temperature, which may be stochastic, presents no
difficulties.

The random functions f(x, t, w), q(x, t, @), b(X, t, w), o(X, t, w) represent independent Gaussian white noises with
the continuous-in-time mathematical expectations f(x, t), q(X, t), b(x, t), a(x, t) and the continuous-in-time and limited
intensities D(x, t), Dy(X, t), Dy(x, t), DX, t), respectively. We write the random functions f, q, b, « as sums of their
mathematical expectations and stochastic centered fluctuations with zeroth mathematical expectations, i.e.,

F=T+/% q=0+¢, b=b+1 a=0+ar 6)

The stochastic fluctuations f* = (x, t, w), © = (X, t, w), b® = b%x, t, w), &® = %X, t, w) are Gaussian white noises
in time t with zeroth mathematical expectations and are described as the formal derivative with respect to time from
Wiener processes with independent increments. The stochastic fluctuations 2, ¢°, b°, o will be considered to be statisti-
cally independent for any two points X = (X, X,, X;) € D (D = D + S). The Wiener processes dW,; = ’dt, dw, = ¢’dt,
dW, = b%dt, and dW_ = o’dt are characterized by the following relations:

M{dW,;} =0, M{dW,} =0, M {dW,} =0, M{dW,} =0

and for any two points x, y € D

MW, (x, ¢, 0)dW,(y, {, @)} = 8x,D; (x, t)dt, x, yED,
M{dW, (%, t, @)dW,(y, t, ®)} = 8,,D,(x, df, %, yES,
M{dW,(x, t, ©)dW,(y, t, ©)} = 8,,Dy(x, f)di, x, y€D,
M{dW, (x, t, @)dW, (y, t, ©)} = 8,,Dq (x, H)dt, X, yES,;

where 8, = 1if x =y, 6, = 0if x # y; M{-} is the operator of mathematical expectation. _
For the sake of concreteness and generality of presentation we shall consider the third-kind boundary condition.
Substituting (6) into the initial mathematical model (1)-(3), we obtain
ou

pc—g-—Z(x, Hu+6(x, t, Qu=f(x, )+ (@, {, o),

7
(x, t, ) €D X [0, T} X Q,
B(x, hu+a®(x, t, o)u=q( )+ ¢ (x ¢, o),
(x, t, ©) €S X[, TIX S, )
u(x, 0, ®) =uy(x, ®), (¥, ©)€ED X Q,
where A(x, t) and B(x, t) are the mathematical expectations of operators of the equation and the third-kind boundary
conditions, equal, respectively, to

®)

i)
0x;

3 —
',Zl(x, ) = Z—a%- (A'(x, f) )"" b(x, 1), (10)
i=} i

B(x, t)=A(x, t)—-g—+&(x, 1). (11)
n
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We pass to obtaining the discrete analog of stochastic mathematical model (7)-(11). For this, we employ the
integrointerpolation method [4] or the control volume method [5], which make it possible to obtain conservative homoge-
neous difference schemes with second order of accuracy in the class of discontinuity coefficients.

We subdivide the region D € R? into n control volumes by equidistant planes parallel to the axes x,, X,, X;. Let one
node be centrally located inside each control volume. We designate the set of all internal nodes of the region as D, and its
appropriate internal control volumes as Dy, i = 1, 2, ..., n;. The boundary control volumes are designated as S;, i = 1, 2,
..., I,; each control volume S, has one node being only on the surface S of the region D; the set of all n, boundary nodes
is designated by S,. Also, we introduce the set of near-boundary nodes D.,, formed by the internal nodes from the set D,
nearest to the boundary S but not belonging to it {4]. The total number of the nodes n = n, + n, from the set D, + S, will
be called a network.

Following the control volume method, we integrate Eq. (7) for each weQ with respect to all n; internal control
volumes D,. As a result, we arrive at

pc d;‘tm — Ap(tyuy + bai (f, ®)tup = Fr () + f;‘il (¢, o), (12)

where u, = uy(t, w) is a random function of the network, determined at the network nodes D;, + S; representing the n-
dimensional random column-vector u, = (u,(t, w) ... U(t, w); Uy = U, (t, w) is a random function of the network deter-
mined at the internal network nodes Dy, representing an n;-dimensional random vector-column; bom(t, w), tom(t, w) are
random functions of the network determined at the internal nodes D, representing the n,-dimensional random column-
vectors b (t, w) = (b%(t, w) ... bOu(t, )T, (L, ) = (™, w) ... Fu(t, »)"; here

. 1
! fb? (x, t, @)dD;, fi (t, ©) = Sf? (x, t, @)dDy; (13)
Dy Dy Dy Dy

B (t, ©) =

Vp is the volume of D;; by(t) = (b,t) ... by, () = (i) ... £.0)F are determinate n,-dimensional column-vectors;
here

B (t) = —

(Bix, ydD;, Fi(9) =—— [ Fule, Dy (14)
Vb, b; Dy by
A,(t) is a determinate nonstationary difference operator leaving the network function u, only at the neighboring nearest
nodes surrounding each internal node from D,; T stands for transposition.
System of equations (12) consists of n; equations for n unknown random temperatures u(t, @), i = 1,2,..., 1, at
all the nodes from D, + S,. To obtain the lacking n, equations, we perform integration of (7) over all the boundary control
volumes S, i = 1, 2, ..., n,, with account of boundary conditions (8). As a result, we have '

pc iy Bh () tny + bpa () 2 + Qna (t) tina -+ bhe (t, @) tipe +
dt : (15)

oot @)ttne = Tro () Taa () + [0 ©) + 6 G, @),

where Uy, = up,(t, w) is a random function of the network determined at the boundary nodes from Sy, representing an n,-
dimensional random column-vector; by,(t), fi,(t), ogy(t), gy (t) are determinate n,-column-vectors, where by(t) and fi(t) are
determined by formulas like (14), app( = @121(t) ... o), Gp® = (@O ... gp()T are determinate network
functions determined at the boundary nodes from S;; By« is determinate nonstationary difference operator leaving the
network function uy, only at the boundary nodes from Dy, and near-boundary nodes from Dy, surrounding each boundary
node from Sy; Uy« = up«{t, ) is a network function determined at the boundary and near-boundary nodes from Dy, + Dys;
bohz(t, o), foplt, w), aohz(t, ), qohz(t, w), qohz(t, w) are random n,-dimensional columns-vectors, where boi(t, w) and
toi(t, w) are determined by expressions of the form (13), and aohz(t, w) = (aol(t, ) ... aonz(t, w))T, q0h2 t, w) = (qol(t,
) ... qonz(t, w))T are random functions of the network determined at the boundary nodes S;,.

We introduce a network function of Gaussian white noises N(t) with the dimension m = 2(n; -+ ny) determined on
the set Dy, + Sy, N@© = (N (@) .. Np@)T = @ .. 1, 8% .. 6%y, o ... %y, & ... )T, the network function
of Wiener processes determined on the set Dy, + Sy AW() = (dW (1) ... 4 n(t))T = (dWy ... dWgq, AWy ... dWy .1,
AW,y - AWy, dWyy o qunz)T and the diagonal m X m-matrix D(t), on whose diagonal we have the network
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functions Dy (1), ... , Dgy(®), Dy(0), ..., Dpni(®, Dyy(0),..., Dyp(t), Dql(t), ey anz(t). For the stochastic vector dW(t)
the following relations are valid: dW (&) = N (f) ds,
M {dW (£)} =0,
M {dW (t) dW~ ()} = D (¢) dt.
We obtain the discrete analog of stochastic mathematical model (1)-(3) by combining Eqs. (12), (15) into one stochastic
matrix differential-difference equation

dt

= An @ un+ o (O)+ Bn & ) N (0), (16)

pc

up (0, @) = ugs (@), 17

where A(t) is a determinate nonstationary n X n-matrix of the known coefficients;#,(t, u,) is a stochastic nonstationary n
X m-matrix dependent on the network random function v, = u(t, w); ¢,(t) is a determinate known n-dimensional column-
vector including the vectors f;,(t), fi,(t), qu(t); Ug(w) is a network random function of initial temperatures.
Determination of Statistical Measures. Integrating formally Eq. (16) with respect to time within the limits from
0 to t with the initial condition (17), we obtain the stochastic vector-matrix integral Ito equation [3, 6]:
t t

Uy, () = uop + { a(r, u,(v))dv + Y B (t, uy(v))dW (1), (18)

0 0

where a(t, up) is the stochastic n-dimensional vector function
1 — 1 -
a(t, up) = — ApO &) + — @ @); (19)
pc pc
B(t, u,) is the stochastic n X m-matrix function
|
Bt uy= _;)_c_ By (t, up). (20)

The variable w here and henceforth is omitted for the sake of brevity.
Stochastic integral equation (18) is equivalent to the vector-matrix stochastic differential Ito equation [6]:

dup (8) = a(t, up) + Bt up) dW (@), up (0) = uon- 2D

As for the functions a(t, u,) and B(t, u,), we assume that they satisfy the conditions of the theorem of existence and
uniqueness [6, 7] of the solution of the stochastic differential Ito equation (21) and are nonpredicting [8].

Reducing initial stochastic mathematical model (1)-(3) to stochastic equations (18) and (21) permits us to apply the
Ito theory to them.

We now determine the statistical measures of the stochastic vector u(t, w), i.e., the n-vector of mathematical
expectations U,(t) = M{uy(t, w)} and the n X n-matrix of the second initial moments C(t) = M{uu",}. The vector of
dispersions D,(t) of stochastic temperatures u(t, w) will be equal to the diagonal elements of the matrix of the second
central moments K(t) = C(t) — G, (t)T%(t).

We introduce the continuous scalar function y(u,) having continuous first derivative with respect to time and first
and second derivatives with respect to all elements v, of the vector u, i = 1, 2,..., n. We apply the Ito formula [3, 8, 9]
to the function ¥(u;), in which uj, satisfies the stochastic equations (18) or (21), and we obtain

dv _ ovr SIS (i Y%
= el )+ tr{ S BB }+ SN ©, @

where 9y"/0u, = (y/du, ... 3Y/du,)" is the n-dimensional vector of the first derivatives of the function ¥ over all u;, y; of
the vector u,; 0°y/3u,du, = {3*y/du;du} is the n X n-matrix of the second derivatives of the function ¥ over all u,, u; tr{- }
is the sign of the matrix {-} [3].

198



We assume y(u,) = ut), substitute it into Eq. (22) and apply the operator of mathematical expectation. As a
result, we obtain a matrix ordinary differential equation for the vector of mathematical expectation G,(t):

_dup @) = pea(t, uy) = Ay () un )+ @ (®),
yr (23)

1 (0) = Uop,

where i, is the network function of mathematical expectation of initial temperatures. Let ¢ = u(t)u(t), substitute it into
Eq. (22) and apply the operator of mathematical expectation. As a result we obtain the matrix ordinary differential
equation for determination of the n X n-matrix of the second initial moments C with the elements Cy(t) = M{ut, w)uyt,
out, wi, i,j=1,2,..., o
dc - 4T - T - —r pc T
pe —— = A (&) C (&) + C (&) An (O) + @n(t) ur () + up O Pr () 1+ —— M{BDF™ },
dt 2 24
C (0) = Coy

where C, = M{u,u"} is the known n X n-matrix of the second initial moments of initial temperatures.

The systems of ordinary differential equations for determination of the statistical measures ,(t) of (23) and C(t) of
(24) are determinate and for their solution well developed computer programs may be used.

Now we illustrate application of the above method.

Example. Consider a rod with density p, specific heat ¢ and thermal conductivity A, length ¢, the area and
perimeter of its cross section equal to s and p, respectively, inside which there is a heat source with the intensity ®(x, t).
At the rod ends zero temperatures are maintained. Heat transfer proceeds between the side surface and the medium with
the temperature t(x, t) and the stochastic heat transfer coefficient o((X, t, w) having the mathematical expectation a(X, t)
and the dispersion D (x, t).

The mathematical model is of the form

2
pcg_u_:xau

Y pw —b(x, t, ©)(u—u)+ P(x, 1), 0EQ,

u(@ =u(l)=0,
uix, 0)=uy(x), x€[0, I,

where b = ap/s is the convective coefficient.

We write aX, t, w) in the form a(X, t, w) = a(X, ) + of(x, t, w), where o is the Gaussian white noise, being the
formal derivative of the Wiener process dW (x, t) = N(x, dt, N(x, t) = o(x, t, ); here M{dW_} = 0, M{dW (x,
HdW (v, D} = 8, D.(x, dt, x, ye[0, I].

After subdividing the rod length [0, /] into control volumes with the length h and applying the integrointerpolation
method, we arrive at the stochastic analog

duh

= Ay ()t (8) + Pu () + Balt, un) N (@),

pc
where u,(t) = (u(t) ... u(t)" is a vector of random temperatures at the rod nodes to be determined;

95— b, () 5 0...0 0
8 —28—Dby(t) 5...0 0 8= Mk

:Zh(t) =

where bi(t) = M{byt, )} is the mathematical expectation of the convective coefficient at the node i;

D, (1) + E1 (t) ey () ‘
E’-h ) = @, (£) + by () tea ()

B () -+ B (1) ten )
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£ o
it= it
;=M 5 D(x, H)dx, b {t)=M ‘8‘ b(x, t, @)dx, U = u.(x;);
x X
i—~;— i‘—;—

B.(t, u,) is a square stochastic diagonal n X n-matrix equal to

— Uy () + ey (E) 0 0
O I LI |
0 0 oo L Up (t)+ucn(t)
N(t) = (%), ..., b°(t)T is the n-dimensional vector of Gaussian white independent noises.

“According to formulas (23), (24) we obtain matrix equations for determination of the statistical measures of the
stochastic vector of temperatures u(t):
the vector of mathematical expectation Gi,(t)

du,,

ot =Ap ) un(t) + @a (), u, 0 = Uon;

pc
the correlation matrix C(t)

dC ()

= — An ) C () = Ct) An(t) + o (£ (B) -+ un () @4 (1) +

pC
L (diagC ) + U () Dy (), C(0) = Con
20c

where diag C(t) is a diagonal matrix composed of the diagonal elements of the matrix C(t); U(t) is a diagonal matrix with
the elements u?(t) — 20(t)u,(t); Dy(t) is the diagonal matrix of dispersions of the convective coefficients b(t, w), i = 1,
2, ..., n, the i-th element of the matrix D,(t) is equal to D,(t) = D_{t)p/s.

Conclusion. The equations obtained allow one to determine numerically the nonstationary distributions of mathe-
matical expectation and second moments of the stochastic nonstationary temperature field described by the three-dimension-
al stochastic nonstationary heat conduction equation in partial derivatives with arbitrary boundary conditions. The region
for which nonstationary statistical measures are to be determined is inhomogeneous and of arbitrary configuration. The
method is easily programmable, and it may serve as a basis for developing program packages for analysis of nonstationary
stochastic three-dimensional temperature fields of complex geometry.

NOTATION

u(x, t, w), stochastic nonstationary temperature field; Q, space of elementary events w; A(X, t, w), stochastic
nonstationary operator of the heat conduction equation; B(x, t, w), stochastic nonstationary operator of boundary condi-
tions; f(x, t, w), random function of time ¢ and coordinates x with mathematical expectation f(x, t) and dispersion D¢(Xx, t);
1%, stochastic fluctuation, being Gaussian white noise; dW,, Wiener process; u,(t, w), network random function of tempera-
ture determined at the network nodes of the region; A(t), difference nonstationary operator; §,(t), C(t), vector of mathe-
matical expectation and matrix of second initial moments of the stochastic vector of temperatures u,(t).
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